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ABSTRACT 


This thesis 1s devoted to analyzing the problem of masking a reflected radar signal, 
in order to degrade the radar receiver’s performance. This is to be accomplished by ap- 
propriately choosing the Power Spectral Density (PSD) of a power constrained colored 
noise interference to be generated either by the target itself or bv pre-positioned 
“friendly” noise makers. The goal in either case is to generate interference signals that 
result in decreased receiver probability of detection, P,, for a given receiver probability 
of false alarm, P,. Efforts to identify appropriate PSD’s of the power constrained in- 
Berierence were carried out by evaluating the receivers P, as a function of P, for two 
specific target models. The performance results for the various receivers investigated 
demonstrate that the noise interference generated by the noise makers can achieve sig- 
nificant levels of degradation, while the target generated noise interference tends to im- 
prove rather than degrade the radar receiver's performance. In all cases considered, the 
sinc squared shaped noise interference PSD is more effective at degrading the receiver 


performance than any other kind of PSD analyzed. 
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I. INTRODUCTION. 


Two of the interesting practical problems dealing with the degradation of radar re- 
ceivers used for detecting targets in the presence of additive noise interference are in- 
vestigated in this thesis and described below in greater detail. 

The first problem is pictorially described in Figure 1 on page 2. A target, recog- 
nizing that it is being illuminated by a radar, generates and transmits a colored noise 
interference signal, which is received in conjuction with the radar echo and the back- 
ground noise as well as the thermal noise interference by the radar receiver. Henceforth 
this problem will be referred to as “Problem 1”. This would be done in order to help the 
target hide its presence by effectively degrading the receiver performance, namely bv 
decreasing the receiver's probability of detection (Pp). The target clearly cannot produce 
a noise interference with unbounded total power. Thus, the choice of noise interference 
that minimizes the radar receiver's Pp , subject to a total interference power constraint, 
is an important practical problem. 

The second problem 1s pictorially shown in Figure 2 on page 3. Assuming that the 
area where the target is likely to be detected by a radar has been penetrated by near 
Stationary “friendly” noise makers just prior to the target entering the zone of radar de- 
tection, the basic question becomes, what interference produced by the friendly noise 
makers will most effectively mininuze the receiver's Pp, subject again to a total power 
constraint. Therefore, on the basis that the friendly noise makers do not have the ability 
to produce noise interference With unbounded total power, the choice of noise interfer- 
ence subject to a total power constraint that maximally degrades the radar receiver's 
performance in order to mask the presence of the target is a practical problem. Hence- 
forth, the problem described above and shown in Figure 2 on page 3 will be referred to 
meer roblem 2”. 

It is clear that it would be difficult for the target or the noise makers to decide about 
the kind of noise interference that must be generated in order to best mask the target 
without any prior knowledge of the type of receiver that is being used for radar de- 
tection. In any case, it must be assumed that the receiver has been optimized for its 
target detection function under the assumption of no masking signal present. While not 
completely realistic, it is also of interest to analyze these two problems under the as- 


sumption of complete knowledge on the part of the radar receiver about the masking 
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Figure 1. Target Transmits Noise Interference. 
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Noise Makers Transmit Noise Interference. 


Figure 2. 


(interference) signal being produced. The results would then vield a minimum level of 
effectiveness that can be expected to be gained by using masking (interference) tech- 
niques. The case in which knowledge exists about the type of receiver implemented is 
the only one considered in this thesis. Yet the results have demonstrated that there are 
situations when the target-produced noise interference (1.e., problem 1), instead of hiding 
its presence by degrading the receiver performance (1.e., reducing Pp), actually improves 
it. The transmission of the noise interference by the target itself is not effective, and can 
be rather harmful in essentially all the cases investigated. In constrast, the transmission 
of noise interference by noise makers, 1n all cases analyzed, proved to be effective and 
to cause significant receiver performance degradation. 

The analysis and results associated with investigation of the above described prob- 
lemis are presented in the five subsequent chapters. 

In Chapter 2, the basic information that already exists in the literature pertaining 
to the problemi under discussion here is presented, along with a mathematical description 
of the problem to be considered in chapters 3 and 4. 

In Chapter 3, a simple target model, which from now on will be referred to as 
“Target Model A”, 1s used to investigate the effect of various kinds of noise interference 
generated by the target (1.e., Problem 1). For this particular target model, the situation 
in Which noise makers generate interference (1.e., Problem 2) has been investigated by 
Bukofzer [Ref. 1], so that pertinent results are presented in this chapter for completeness 
sake. However, the case where the noise is transmitted by the target when realizing that 
it has been illuminated bv a radar (corresponding to Problem 1 described above) 1s in- 
vestigated in detail. The performance of the receiver, which is optimum under conditions 
to be stated in the sequel, is obtained and presented in terms of the Receiver Operating 
Characteristics (ROC’s). 

Chapter 4 is devoted to analvzing the basic problems previously described, assuming 
a more sophisticated target model is applicable. The so-called Slowly Fluctuating Point 
Target model, where the reflected radar signal 1s modeled as a complex Gaussian random 
process whose envelope is a Rayleigh random variable, which henceforth will be referred 
to as “Target Model B”, is utilized to investigate two specific cases. The first such case 
involves a receiver designed to be optimum for detecting targets observed in the presence 
of Additive White Gaussian Noise (AWGN) interference. The performance of this re- 
ceiver, operating under the scenarios shown in Figure |] on page 2 and Figure 2 on page 
3, 1S investigated and evaluated in terms of the ROC’s under various interference condi- 


tions generated either by the target itself, or the prepositioned noise makers. The second 


case considered assumes that the receiver has prior knowledge of the kind of noise in- 
terference produced by the target or noise makers and therefore is designed to operate 
optimally in the presence of such noise interference. For such a receiver its performance 
under the scenarios shown in Figure 1 on page 2 and ligure 2 on page 3 ts investigated 
and results are presented in terins of the ROC's. 

In Chapter 5, based on the results presented as mathematical expressions of Pp as 
a function of Py in Chapters 3 and 4, the performance of the receiver analyzed in each 
case is evaluated using numerical methods and various signal and noise power parame- 
ters. The effect of the masking signal on the receiver's detection probability Pp 1s dis- 
played for representative values of the Signal-to-Noise Ratio and the Jamming-to-Signal 
Ratio. 

A summary of the results obtained and the conclusions that can be drawn from 
these are presented in Chapter 6. Additionally some of the mathematical manipulations 
that are necessary to the derivation of certain results are presented in the appendices. 

A descriptive summary of the problems investigated and described above. 1s shown 
in Table | below where ACGN and PSD stand for additive colored Gaussian notse and 


power spectral density, respectively. 


Table 1. SUMMARY OF PROBLEMS INVESTIGATED 
TARGET MODELS 


I. Correlator Receiver Optimum for AWGN Inter- 
ference 
Quadrature A Correlator Receiver Optimum for ACGN Inter- 
erence 
re ae a.Bandlnnited Constant Amplitude PSD 
b.Sine Squared Shaped PSD 
c.Butterworth Shaped PSD 
d. Triangular Shaped PSD 


I. Correlator Receiver Optimum for AWGN Inter- 
ference 
Optimum specrum 
Analyzed in By Correlator Receiver Optimum for ACGN Inter- 
[ Ref.2 ] oS eee | 
a.Bandlinuted Constant Amplitude PSD 
b.Sine Squared Shaped PSD 
c.Butterworth Shaped PSD 
d. Triangular Shaped PSD 
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Il. MATHEMATICAL PRELIMINARIES 


A. GENERAL 

A conventional pulsed radar transmits a signal which consists of a sequence of 
pulses. Ifa target 1s present, part of the transmitted signal is reflected. Depending on 
the tvpe of target model assumed, some of the characteristics, such as amplitude, fre- 
quency, or phase of the reflected signal will change with respect to those of the trans- 
mutted signal. 

The basic radar detection problem involves examining the reflected signal in the 
presence of noise and other forms of interference, and deciding whether or not a target 
is present . The source of uncertainty inherent in the problem, stems from the fact that 
the radar receiver does not know a-priori whether or not a target 1s present, and from 
the fact that depending on the type of target present, reflected signal parameters such 
as amplitude. phase, and frequency, may not be known to the receiver either. The sim- 
plest possible radar detection problem involves a target modeled as producing a com- 
pletely Known signal return. received in the presence of additive white Gaussian noise 
(AS iN) intericrence: 


B. TARGET MODEL A. 

The first simple target model treats the reflected signal as a sinusoid of known am- 
plitude and frequency, but having a random phase. This radar detection problem has 
been addressed extensively in the literature under various assumptions of additive noise 


interference. 


1. Additive White Gaussian Noise (AWGN) Under Both Hypotheses. 
Van Trees [Ref. 3] provides an extensive intoduction to the principles of radar 
detection, treated as a hypothesis testing problem. Defining H, as the hypothesis that 
the target 1s present and Hp as the hypothesis that the target is absent, the above de- 


scribed problem 1s mathematically expressed as 


Hy : r(t) = J2E, fll) cos[w,t + o(t) + 6] + w(2) V2 i 
Hy : (p= (0) 


where E, is the actual received signal energy, @ is a random variable (r.v.) uniformly 
distributed over [0, 27], and (zr) is a sample function of a zero mean white Gaussian 
noise process with power spectral density (PSD) S,(@)=.N)/2. The amplitude and 
phase modulations, f(z) and (1), respectively, are deterministic and /{r) 1s assumed to 


satisfy 


r Z 
| Wola = 1 (2.2) 


It is demonstrated in Van Trees [ Ref. 3] that decisions about two hypotheses 


are optimally given by the threshold test 


Ay 
ee (2.3) 
Hg 
where 
b= Le (2.4) 
and 
‘— 
L. = | v2 Vit) ft) Cosp@t + p(t) a (25) 
0 
ra 
L.= | 1a r(t) f(g) sintw,t + b(t) dt (2.0) 
0 


The threshold of the test, denoted by y in Equation 2.3, 1s normally set by specifving an 
operating value for P,, the probability of false alarm. 

There are two kinds of errors which can be made. If the receiver decides a signal 
(1.€., target) is present when in fact it 1s not, an error of the first kind is made. That is, 
we choose #, when Hp is actually true. Denote this probability P(D,/Hp)), which in 
the radar terminology corresponds to P;, the probability of false alarm , and it 1s 


mathematically expressed as 


Pp = P(Dy|M) = |” fyn( Lilo) aL (2.7) 
} 


wilere Sun (Ll Mo) is the probabilitv density function of the r.v. L, conditioned on the 
hypothesis that //) 1S true. 

On the other hand, if Hp) 1s chosen when #1 1s actually true, an error of the 
second kind 1s made. The probability of an error of second kind denoted as P(D)/H,), 
in the radar terminology is called the probability of a miss , and 1s mathematically ex- 


pressed as 


Py = P(Do/A,) = ie Syn (EI)) al 2:0) 


Often Pp is used, which is the probability of choosing H, when H, 1s actu- 
ally true. This corresponds to 1 — P(D,///,), and in the radar terminology is called the 


probability of detection . Mathematically it 1s expressed as 


Pp = P(DiIIh) = | fyn(Llth) al (2.9) 
Me 


The realization of the optimum receiver for the hypothesis testing problem 
discused above is shown in Figure 3 on page 9, and it 1s known as a quadrature 
COmelalon TeECcelmer 


The performance of this receiver, in terms of Pp and Pr 1s given by 


Pp=exp(— 3) 


2.10 
PO an 
DT = No No 


where y and £, have been defined above, and 





a 24 2 
O(a, =| z exp(- 22%) Io(az) dz (2.11) 
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is the so-called Marcum’s Q function. The J)>{(x) function is defined by 






is 
cS 
O 
m1 
oy Ja 
eee” ae 
is 6. 
nA = 
{ baa 
& 2 
WY rs 
O = 
@ ) '—D 
twa ER: 
= 
ln ; 
~? 
~> 
oon 
S 


Figure 3. Optimum Quadrature Correlator Receiver. 


2a 
I(x) = = I exp[x cos(e — £9) ]de (2) 


and it is known as the modified Bessel function of zero order. 


Observe that Pp can be written in terms of Pr as 


Ee ] 
ro~ Of Ny fain) (315) 


so that Pp can be plotted as a function of P, for different values of E,/N,. Sucha plot 





results in the so called Receiver Operating Characteristics (ROC’s). 


2. Additive Colored Gaussian Noise (ACGN) Under Both Hypotheses. 

The performance of the optimum receiver shown in Figure 3 on page 9, which 
has been designed for the signal and noise model of Equation 2.1, can be evaluated when 
an additional source of interference is present, namely additive colored Gaussian noise 
(ACGN), that is statistically independent of the AWGN u(r). It is obvious that this 
receiver is no longer optimum for the assumed signal and noise model. Bukofzer | Ref. 
2] has investigated this problem which can be mathematically expressed as the hypoth- 


esis testing problem 


Hy: r(t) = J2E, ft) cos[w,t + (2) + 0] +.2,(0) + w(2) =a 


Hg: r(t) = 1,(2) + w(2) (2.14) 


where again E, is the actual received signal energy, # is a random variable (r.v.) uni- 
formiy distributed over [0, 2x] and (1) and w(t) are zero mean independent Gaussian 
random processes with PSD S,, (w) (as yet unspecified) and S,(w) = No/2, respectively. 

The performance of the receiver shown in Figure 3 on page 9, under the above 


stated hypotheses and the assumption that (4) =0, is given as 


Pr= exp( == = 
26 


— (2.15) 
p - of ve Jy 
DFT= GG: 











10 


where, using the notation Var{./.} to denote the conditioned variance of a rv., 


o? = Var{L,/H, , 9} = Var{L,/H, , 9} 
= Var{L,/ Ho} — Var{L,/ Ho} 


(2.16) 

wor 2 

me Dae: 

With 
2 | 2 
B= He] Sol Flo) de 2.17 
Also F,(q@) 1s the Fourier Transform of f(t) , where 

iAt) = fl) cos wt (2.18) 


A direct relationship between Pp and P; can be obtained, namely 


neo == see (2.19) 
Eee iF 
Z he 


+a 


C. TARGET MODEL B. 
Van Trees [Ref. 1] derives analytically the target model for this particular case, with 


the assumption that the radar transmits a continuous cosine wave 


s(t) = /2P, cos @,t = /2 Rei JP, exp(jeo,t)} —co<f<oco (2.20) 


Assuming that there 1s a zero-velocity target at some range R from the transmitter, 
whose physical structure consists of several reflecting surfaces, then the reflected signal 


can be written as 


1G 
s(t) = JPR JP, » £i exp[iw,(t — t) + oat (2.21) 


i=] 


where g, represents the attenuation of the signal due to the two-way path loss, the radar 


cross section of the 1-th reflecting surface while also including the effects of transmitting 
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and receiving antenna gains, 6; 1s a random phase angle introduced by the reflection 
process, and t is the signal round trip delay time to and from the target. 

Assuming that all @; are statistically independent, that the g,; have equal magni- 
tudes and that K is sufficiently large, and then using the central limit theorem, one ob- 


tains 


s(t) = /2 Re}./P, 6 explio,(t— 1)}} (2.22) 


where } is a complex Gaussian random variable. The envelope, | 6 |, 1s a Rayleigh ran- 


dom variable, whose moments are 


E(\b |}= /£o (2.23) 
and 
|) | eae (2.24) 


The value of of includes the antenna gains, path losses, and radar cross section of 
the target. 
The reflection process associated with this target model is assumed to be frequency- 


independent and linear. Thats, if 


S(t) = eRe Bn exp(jwt + jot)} (2.25) 
is transmitted, 
s(t) = 2 Re} JP, 6 explo, + w)(t-2)I} (2.26) 
is received, while if 
si) = J2 Rel JES (0) expliog!)} (2.27) 
is transmitted, 
s() = V2 Ref JE, 6 explio(t— DY (t— 9} (2.28) 


is received. Since 6 has a uniform phase. the exp(ywm,t) term, can be absorbed into the 


phase, so that 
s(t) = J2 Ref JE, bf (t— 2) expingi)} (2.29) 


where the function f(s) 1s the complex envelope of the transmitted signal, which is as- 


sumed to be normalized, in the sense that 


| If(o|Par = 1 (2.30) 
Thus, from Equation 2.27, the transmitted signal energy is E, and the expected 
value of the received signal energy 1s 
E, = 2E,0}, 2 
ES (Fb (22) 


Considering now a target with constant radial velocity v , the target range R(t) can 


be written as 
R(t) = Ro-vt (252) 


Where Ap is the target range at =O. 
Under these conditions and assuming that the transmitted signal is the one given in 


memation 2.27, the reflected signal becomes 
= == ? 
SA) = J§2 Re JE, of(t-—t+ fu t) exp| jorg(t + — n| (2533) 


where c is the velocity of the hght. Furthermore, from the assumption 


2 e 


iE (2.34) 


eal IS 

HY 
Where W is the bandwidth of f(d, the reflected radar signal can be mathematically de- 
scribed as 


s(t) = JT Rej JE, 6 f(t—2) explingt tapi} O<r<T (2.35) 


where 


IS 


oi w( 2) (2.50) 


is the shift in the carrier frequency called Doppler Shift . 
Then, the total received waveform, in which additive Gaussian noise is accounted 


for, can be written as 


rt) = J2 Ref VE, b f(t— 1) explingt + jopt]} + V2 Ref(n) expLiogt]} (2.37) 
or more compactly 


r(t) = 2 Ref{r(t) exp[jo,r}} (2.38) 


where 


led 


r(t) = b JE, (t ~ t) exp[iapr] + n(2) (2.39) 
The total noise interference n({r) can be expressed as 
n(t) = /2 Refn(1) expLjw,r]} (2.40) 


which represents the actual Gaussian noise that is added to the received signal. Since 
the detection problem in this case is limited to a particular value of range and Doppler 
shift, the corresponding parameters t and wp, without loss of generality can be set to 
zero for algebraic simplicity, and the binarv hypothesis testing problem can be math- 


ematically described as 


fee) = J? Rey [b VES (0) + 79] expLio.t]} Nees i 
(2.41) 
Hy : r(t) = ./2 Re{n(1) exp[ja,r]} 


so that the detection problem can be explicitely formulated for the two different kinds 


of additive Gaussian noise. 


1. Additive White Gaussian Noise (AWGN) Under Both Hypotheses. 
In this case, the complex envelopes of the received waveform under the two 


hypotheses are 
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~~ 


Hee rj=JE, 6 fo + wf) Oa 


: 
Lad ~~ oa 
Ho : v(t) = v(2) ( ) 

where u(z) is a Zero mean white complex Gaussian random process with 
EL w(t) (u)] = Nod(t - u) (2.43) 


Thus the transmitted signal energy is £, and the expected value of the received 


signal energy 15S 
E, = 2E,0% (2.44) 


Van Trees [Ref. 2] proves that optimal decisions about the two hypotheses in 


Equation 2.42 are given by the threshold test 


= A, oN CV_ + 203E,) 205 
Ry? = EY ny tin + SE ey CP) 
Ho CORE, a 
where r; is a sufficient statistic given by 
f6 
=| Flop wae a 
0 


Which is implemented by the receiver shown in Figure 4 on page 16 (see point labeled 
1), or equivalently. by the receiver shown in Figure 5 on page 17 (actual receiver). Note 
that the test threshold y depends on 7, which itself depends on the prior probabilities of 
the two alternative hypotheses and the decision costs. 

The performance of these receivers has been evaluated in [ Ref. 2], in terms of 


Py and P; and demonstrated to be given by 


y 
No 218 ren) 


(2.47) 


In terms of ROC’s, the performance of the optimum receiver is given by 


1s 





Us 


Figure 4. Correlation Receiver Using Complex Signals. 
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A (2.49) 
Irom Equation 2.48 it 1s clear that increasing A always improves the perform- 


ance of the receiver in the sense that for fixed P-, Pp increases as A increases. 


2. Additive Colored Gaussian Noise (ACGN) Under Both Hypotheses. 


In this case, the complex envelopes of the received signal under the two hy- 


potheses are 


HyrQaHvk, bfMtno O<1<T 
Rn Es (2.50) 

My ir(=uly 
The additive noise (1) is a sample function from a zero mean nonwhite com- 
plex Gaussian process. It 1s assumed here that (1) contains two statistically inde- 


pendent Gaussian components, namely 


n(t) = 2(1) + w(t) ( 


tO 
cay 
— 
Newer” 


Where the covariance Of71 (1) eis cinema 


ow 
~ * 


EUI()a "(u)) = Kx (ta) = Ke (1.0) + Ngd—u) O<t,u<T (2.52) 


Van Trees [Ref. 2 | derives the optimum threshold test for the hypothesis testing 


problem of Equation 2.50, which is given by 


ioe mu 
r(c)g ch | 2 Y (2253) 
Hy 





0 


Where g(z) 1s the solution to the integral equation 


Owe Az (0 eta du + Ny elo) Qn eae (2.54) 





10 
f() = | K(0 g(u) du + No g(s) OMe ser (2.54) 
0 


The optimum receivers for this case are shown in Figure 6 on page 20 (con- 
ceptual operation using complex signals) and in Figure 7 on page 21 (actual receiver). 

A particularly simple solution to this problem is obtained when 7,(r) can be 
modeled as a stationary process and the observation interval is nearly infinite, leading 
to the so-called Stationary Process, Long Observation Time, or SPLOT problem. Then 
Fourier Transforms can be used to solve Equation 2.54, to yield 
fe (w) 2 F (a) 
(aw) No 2 S7(@) 





(2.55) 


as / 


where F(w) , S-(w) and S-(w) are the Fourier Transforms of f(r), A-(¢,u) and 
Ky (tu) respectively. n 
The performance of the optimum receiver in terms of ROC’s is also given by the 


functional form of Equation 2.48, which in this case can be expressed as 


7 
ne | f(s (dt (2.56) 
0 


For the SPLOT problem, A can be evaluated by using the inverse Fourier 
Transform of Equation 2.55 in Equation 2.56, while allowing 7 — co for computational 


simplicity. 
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Figure 6. = Correlation Receiver Using Complex Signals. 
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Il. RECEIVER PERFORMANCE ANALYSIS BASED ON THE TARGET 
MODEL A. 


The binary detection problem addressed in this chapter involves discriminating be- 
tween the two alternatives 

id; 3 Signal is present 

H, : Signal is not present 
under somewhat more complicated conditions due to uncertainty in the received signal, 
expressed by a random phase angle imposed on the signal during the reflection process. 


The hypothesis testing problem is mathematically described as 


Hy : r(t) = J2E, fit) cos[w,t + O(t) + 0] + nl) (ests 6 
(oa) 
Hy : r({t) = n{t) 


where £, 1s the received signal energy, n(z) 1s a sample function of a zero mean white 
Gaussian, or a combination of a white and colored Gaussian noise process, and @ 1s a 
random variable (r.v.) uniformly distributed over [0,2z]. The amplitude and phase 


modulations. f(z) and (2) respectively, are deterministic, with /(2) assumed to satisfy 


a 2 
j LA? de =a (3.2) 


The case in which 
n(t) = wir) (3 


Where w(r) is a white Gaussian random process, has been addressed extensively in the 
literature [ Ref. 2 ] and the basic results have been presented earlier in Chapter 2. The 
basic performance equation in terms of ROC’s, is given by Equation 2.13 and repeated 


here for completeness, namely 


Pp, / 2E, / 1 
>= Of Bra 2-3 | (3.4) 


In the case where the additive Gaussian noise 1s other than white under both hy- 
potheses, the receiver shown in Figure 3 on page 9 is no longer optimum and the per- 


formance of this receiver will no longer be given by Equation 3.4. 


A. PROBLEM 1. 


In this case the hypothesis testing problem 1s mathematicaly described as 


Hy: r(t) = V2E, flt) cos[w,t + $(t) + 6] + 2,(t) + w(2) r= 7 


3.5 
Hy : r(t) = w(2) >) 


where E, is the received signal energy, @ is a random variable (r.v.) uniformly distributed 
over [0,27], and v(t) and w(t) are zero mean independent Gaussian random proc- 
esses With PSD S,,(w) (as yet unspecified) and S,(w) = 9/2, respectively. The per- 
formance of the receiver shown in Figure 3 on page 9, having input r(z) given by 
Equation 3.5 1s now evaluated. 


The signal at the output of the receiver can be mathematically described as 


fy cL (3.6) 
where 
ra 
L. = | J2 r(t) ft) cos[w.t + O(a] at (32%) 
0 
eae 
L, = | J2 rofl) sinfw,t + o(0] a (3.8) 
0 


In order for the performance to be evaluated, the probabilities Pp and Pr must 
Mememeciied. lo this end, the probability density function (p.d.f.) of the r.v. L at the 
output of the receiver, conditioned on both hypotheses, is required. This can be ac- 
complished by observing that both L, and L, are conditionally Gaussian r.v.’s. 

Using the notation E{./.} to denote conditional expectations, the conditioned 


means of the r.v.’s L, and L, can be obtained from 
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eo 
= E) 2 | J2E, A) cos[w@,f + P(t) + 6] + w(t) + n(t) |Ad) cos(@,f + oto (3.9) 
0 
= /E, cos 8 
E{LJH, ,@}= 
ee eee 
=E | 2 |/2E, fl) COSi@.! OU) ag yee nt) |f{t) sinfw ot + p(t) jdt (3.10) 
0 
=— JE, sind 
Obviously, since both (2) and w(t) are assumed to be zero mean processes, 
E{L {Ho} = E(L,[Ho} = 0 (3.11) 
Bukofzer [Ref. 2] shows that, under the assumption of (2) =0 
iE No ? 5 
Var{l | iy Oh = Var Le) aie — ao on. (642) 


where o? is defined as 
c 


2 ae fo 2 - 
Ti = a= Jo Son Fe(o) dw (3.13) 


and F.(w) is the Fourier Transform of the /,(2), where 
ie) eee) COSia) er (3.14) 


Under the hypothesis Hy, the conditional variances of L, and L, can be evaluated 


as 
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Te aa 2 
Var{LfHo} = VartLJHo) = +f J2 w(2) fl) cos.w,.t + (0) “Ph 
0 
(3.15) 
No 


a 
1p 
= | E{w(t)w(z)} f(O fiz) coslw,t + @(2)] cos[w,t + o(t)] a dt = me 


0 


Bukofzer [Ref. 2] shows that L, and L, are uncorrelated, and since the conditional 
r.v.'s are Gaussian, Whalen [Ref. 4 ] shows that the corresponding conditional p.d.f.'s 
can be written as 


1 aap 16, — 
fin tt) = —t— exe - ——- ) afd Je) 
(No == 2o;,) CVo + 2 a7) mai Ue Lan a) 


I pg 8 
Sip H(L! Ho) = ae exp( — An ace 


Where u(.) is the unit step function, of is defined in Equation 3.13 and p(x) is the 
modified Bessel function of zero order, defined by Equation 2.12. 


As a result of this, we can express the probabilities Pp and Pr as 


y 


a), | aeatuld JEL 
= 7 =e!) Ip — ;. u(L) db 
F No + 26; (No + 26; ) (=, +t or) 


a ue) (3.17) 
= | 3 exp| — eal Ip(ax) dx 
ee 
No 420), 


, ols 7 cer’ Ao | =.) 
2 
where 
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2 ee 
ge = ae. On (3.18) 


and O(a , f) is the so-called Marcum’s Q function. 


Furthermore 


Pe=Pr{l> y/o} = | Siyrg( El Modal 
y 


l B 
= | Ny exo( - N, au) aL (3.19) 
y 
= EXD Sara) 
Solving for y yields 
y hae (3.20) 
Pr 


and a direct relationship between Pp and P; can be obtained, namely 


— \qa ln P 
Po= of Gree; Sag (3,215) 
aed sen Ore 


This result specifies the performance of the receiver shown in Figure 3 on page 9, 
under the assumptions stated in Equation 3.5. In order for the Pp to be evaluated as 
a function of P; and the parameters making up Equation 3.21, it is necessary to specifv 
the type of signal envelope that is transmitted and the colored noise interference PSD 


with which to mask the reflected signal. 


26 


1. Signal. 


A simple model ts chosen to specify the signal envelope, that 1s 





FF wearer 

(3.22) 
IRONS 
0 otherwise 
so that the transmitted waveform can be mathematically expressed as 
=e COST) VFS a 
(Bey 
LA) = 
XO otherwise 


The Fourter Transform of the transmitted waveform /(7), denoted /(«w), can 


be shown to have a magnitude squared given by 


T sin rw —W el r sin*[(w + H/o 
| F(o)? = ————_+— + + ———___=— (3.24) 
[(w — w I> ap Li == Gy, > ile 


under the assumption that w.7 > |. 
2. Noise. ) 

Since the noise power affecting the receiver performance (see Equation 3.21) 
depends on the PSD of the additive colored Gaussian noise, it is necessary to specify 
such ACGN PSD before performance evaluations are possible. Attempts to extrenuze 
Pp as a function of Cn, have not proved succesful. Therefore, four different PSD’s 
were chosen for (tf) on the basis of simplicity and suitability as “useful” PSD shapes 
that could significantly degrade receiver performance. Therefore 11 Appendix A, the 
evaluation of Equation 3.13 for four different ACGN PSD shapes is presented, since as 
pointed out, it is apparent that the extremization of Py for fixed Pp under a power 
constraint on 7,(¢), is not possible. Common to all those cases is the fact that the total 
power of n(?) is constrained and set equal to P,. The evaluation of Appendix A yield 


the general result 


2 ; 
Ty, =I, (3.25) 


a. Bandlimited Constant Amplitude PSD 
The bandlimited constant amplitude PSD is mathematically described as 
L We 
ae Pn lw+o,.| < @ 7 ial 
Spf) a 


fe) otherwise 





where a is a scalar. Based on the results of Appendix B for a simular case, k was 


evaluated for a =1, which results in the maximum effective noise power, vielding 
gas) 2208! (3.20) 


b. Sinc Squared Shaped PSD 


The PSD in this case can be mathematically described as 





Sr (w) a ae if > 


¢ ? =O) = Wee (3023) 
[(w — wW)a) 


— 


2 


gen sin[(w + @,) a) sin [(w — W,) =] 
a 
[(o + @.) > 


where 6 isa scalar. For 6 = 1, which results in a noise bandwidth equal to the signal’s 


main lobe width, A was evaluated as 
oO. 3388 (3.23) 


c. Butterworth Shaped PSD 


The PSD in this case can be inathematically described as 


P,, (Bers) P, (Bor) 


S, SS aaa 
A) (Bw) +(w+ w,)* (pw,)° +(w- w,)? 


—co Sw co ey 


Where w, is half power point of the spectrum and ff} is a scalar. Based on the results 
of Appendix B for a similar case, A was evaluated for B = 1, which results in the max- 


imum effective noise power, yielding 


MS (0s (3.31) 


28 





ad. Triangular Shaped PSD 


In this case the PSD is mathematically described as 


Pn ' o=- ore £ 
ee moO } |w+o.| < ea 
Sp{@) = (3.32) 
Pre |wt+ (Oo | | z 
a w-w.| < cw 
2EWo 7 c| “t 


where € is a scalar. Based on the results of Appendix B for a similar case, k was 


evaluated for eé =1, which results in the maxinuim effective noise power. viclding 
Ko On (3.33) 


Defining the Signal-to-Noise Ratio to be (the unitless quantity) 


SNR = —— (3.34) 


IRR ao (3.35) 


the actual performance of the receiver operating under the four types of colored noise 


interference described above can now be specified. The results are all of the general form 
ie —NjInP, 
Pp = ( — ' 
‘NO Ny) oi 
5 -- KTP, =a “+ ATP, 
SNR = 2a 
=¢ \/ Gaak SNRJSR ON LEASNRISR 


where the value of & is specified frmeauations ).2/,.6.29, 3.51 and 3.33 for the four 
kinds of ACGN PSD shapes considered. 


These results will be analyzed in more detail and presented via ROC’s in 
Chapter 5. 


(3.36) 
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IV. RECEIVER PERFORMANCE ANALYSIS BASED ON THE TARGET 
MODEL B. 


The problem of discriminating between the two alternatives being addressed here, 
namely 

H, : Signal 1s present 

Hp : Signal is not present 
has been presented in Chapter 2, with the pertinent equations describing this problem 
given as Equations 2.50 to Equation 2.54. 

Since the final goal 1s to mask the signal with an optimally shaped colored noise 
PSD, prior knowledge of the type of the receiver used for signal detection 1s very 1m- 
portant. Depending on the type of additive Gaussian noise that 1s assumed to be pres- 
ent, there are two optimum receivers that can be used. The first one 1s a receiver designed 
to be optinium in the presence of additive white Gaussian noise, and which from now 
on will be referred to as Receiver J. On the other hand, the receiver can be designed 
to be optimum in the presence of additive colored Gaussian noise, which from now on 


will be referred to as Receiver Il . 


A. PERFORMANCE OF RECEIVER I. 
For this case, the problem has been presented in Chapter 2, with the pertinent 
equations describing the problem given by Equations 2.42 through Equation 2.46. 

The performance of the receiver shown in Figure 4 on page 16 and Figure 5 on 
page 17, which has been designed for the signal and noise model of Equation 2.42, can 
also be evaluated when the additive Gaussian noise process is colored, or a combination 
of white and a colored Gaussian noise process. It is obvious that these receivers are no 
longer optimum for the assumed signal and noise model. Depending on the colored 


noise PSD considered to be present, two cases are investigated below. 
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1. Problem 1. 


The complex envelopes of the received signal under the two hypotheses are 
Oe a OL nO We IE aa 
Hy: r (2) = w(2) 
where the additive noise (zr) is a sample function from a zero mean nonwhite complex 


Gaussian process assumed to contain two statistically independent components, namely 
n(t) =7,(t) + w(t) (4.2) 


The covariance of n(z) is again given by 
Ela()n (u)] = Kx (tu) = Kz (1.0) + Npd(r—u) 21a (43) 
C 


The receiver whose performance is to be evaluated under such conditions corresponds 
to the one shown in Figure 4 on page 16, and in Figure 5 on page 17 while this receiver 
is no longer optimum its performance can be evaluated by obtaining the probability 
density function of the r.v. at the receiver output conditioned on both hypotheses. The 
correlator output is a complex Gaussian r.v. whose probability density function can be 


mathematically expressed once the mean and variance of r, have been determined. 


Since 
1 
i r(t)f (1) dt 
0 
: (4.4) 
= JE, b +m when H, is true 
= when Hg is true 
where 
T 
m= | wf (Od (4.5) 
0 
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and 


Va 
nm = | n(t)f (0) dt 
0 


(4.6) 


Due to the fact that both x,{t) and w(t) are assumed to be zero mean processes 


and b is a zero mean Gaussian r.v., 


E{r\/Ho} = E{r\/Hy} = 0 


Denoting 
eos a 2 
Var(ri|Ho) = 202, 
~ 2 
lagen) ae 2Gn, 


the variances can be evaluated as 


Ent 
207, = E(\*|7!Ho} -7{ | m()  ( f(OF (Ww at a| 
BP AD), 
Del. 
-| | Nod(t — uf (Of (uw) dtdu = No 
C6 


Also 
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(4.7) 


(4.8) 


(4.9) 


(4.10) 


iG 
202 = Ef |r (7/2) -#} JE, & | fof Wat + Ao | 
0 


(4.11) 
= E,\b + |m|? 
= je = No ar ome 
where 
Paes 
2 fe ae 
on. = | | A(t ,uf(yf (u)dtdu (4.12) 
U0) 
and using Parseval’s Theorem, on can be expressed as 
2 haiea| es ee | 2 
on, = +| Sz (w) | F(ja)|* dw (4.13) 


Since ry, is a complex Gaussian r.v., the p.d.f.’s of r, conditioned on the two 


hypotheses can be written as 














~ ! Ril? 
TOn, 2Gn, 
a Ail’ 
SP | HoRil Ao) = moe) (4.15) 
2764, 26n, 
Where 
R, = R.+JR, (4.16) 
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and R, and Rk, are zero mean, equal variance, uncorrelated Gaussian random variables. 
Using the transformation 














M = R7+R? = [Rit (4.17) 
the p.d.f.’s can be written as 
I M 
SmjH (MIE) = : ci Bre ban (4.18) 
207, 2Gn, 
] M 
fon) tio MI Ho) = —- exp, — S— pun) (4.19) 
26h, 20h, 


Then the required probabilities can be expressed as 











20 y 
y 
== SUL Sel, = = )) ; 4.20 
2Gn, ( . ) 
) 
ag mre 
Ong 
and furthermore 
y 
(4.21) 
y 
= exp( al D ) 
on, 
A direct relationship between Pp and P; can be obtained, namely 
oye?) 
Pp = (P p)P7ng! 2%, 
(4.22) 


(2) 
= r - 2 
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In this case the performance of the optimum receiver will be evaluated for four 


different kinds of noise interference. 


a. Bandlimited Constant Amplitude PSD. 


Assuming a single sided bandwidth of w, the colored noise PSD 1s given bv 


Sz (@) = ae —-w<we<w (4.23) 


where P,, is the colored noise power. Then of can be evaluated as 











2 ot | jae m2 
On, -t| Sz (w)| F(o) dw 
_ * sin’(o +) ae 
= SFr Py ft ae dw 
_y >) 
= 0.448 TP, 
Gc 
Therefore Pp can be written as 
(——— te 
Pp = PritSNR+0.448 SNR ISR (4.25) 
where 
iB 
Sik — = (4.26) 
No 
Pee 
[RS (4.27) 
[, 
b. Since Squared Shaped PSD. 
In this case the colored noise PSD is mathematicaly described as 
_ sin? (@ + ) 
S~(w) = TP, —co < W < 00 (4.28) 
jae. 
(o —) 


3D 


Then o;, can be evaluated as 


2 a as = le 
of oe Sz (w)| Fo) | dw 
0 sin’(o >) sin’(o =) 
= ——7P,T a (4.29) 
_ @zY wy 
—oo 2 2 
= 0.666 TP, 
G 
Therefore Pp can be written as 
[merce eee | 
Py = Pri+SNR+0.666 SNR JSR (4.30) 


c. Butterworth Shaped PSD. 


In this case the colored noise PSD is mathematicaly described as 


S~(@) = 2Py_ = Sea) (4.31) 
: ao +a” 


where o is the half-power point of this spectrum. Then oi can be evaluated as 


2 ees ee si?! 
d=] Sz (@)| FG) | dw 


eee Ne 
I i. sin?(@ = ) 
= oe ii aati ae (4.32) 
be : ie on a (@ > ? 
= 0.608 TP, 
c 
Therefore Pp can be written as 
1 
Pp = pe T+5NR+0.608 SNRISR ? (4.33) 
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d. Triangular Shaped PSD. 


In this case the colored noise PSD can be mathematically described as 





~ Pr | w | 
Sz Ao) =, ( a5 ay; Sone) = Wy (4.34) 


where P, is the available colored noise power. Then of can be evaluated as 
¢ 


2 eee 


S~()| F(w)|* do 





ele 
“ea T) Ua ) rs” | 
— Wo 2 
= 0.103 TP, 
c 
Therefore Pp can be written as 
oo 
Pp = PritSNR+0.103 SNRJISR (4.36) 


Zeer roblem 2. 
The problem addressed here is described bv the Equation 2.50 in Chapter 2. 
Due to the similarities of this case to the problem previously investigated. use 
may be made of the development of Equations 4.7 through Equation 4.22. The differ- 
ence between the present case and that previously considered is that the variance of the 


correlator output is given by 
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where o2 is defined in Equation 4.13. The performance now is obtained as 
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De _ (Pp)27nol 2a 
(4.39) 
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where 
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© (4.40) 
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From Equation 4.39 it 1s obvious that as © increases, Pp always decreases. 
Observe furthermore that © is a monotonically increasing function of ae as can be seen 


from the fact that 
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This means that as of increases, Pp always decreases for fixed Pr. 


Using Equation 4.13 and the Cauchy-Schwarz inequality, we have that 


CO ww nS ae 1] poo 
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| F(w)|* to 2 (4.42) 
with equality if and onlv if 


S~(w) = p |F()|? (4.43) 


Where p 1s an arbitrary constant. 


Integrating both sides of of Equation 4.43, vields 


| S>(w) do = Py =p | | F(w) |? deo (4.44) 
6 
so that 
Be 
a = (4.45) 
| | F(w) |? doo 


and the optimum solution for S=(q@), which satisfies both the minimization of Pp and 


the power constraint of the noise interference, denoted as S°(w) , can be written as 
€ 
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This means that the optimum noise interference PSD, depends on the envelope 
f(e) that is transmitted. 
Assuming that the complex envelope of the transmitted signal is given by 


Equation 3.22 the corresponding Fourier Transform can be written as 


_ sin(w ©) T e 
= /T ae exp( — jo) > f(1) (4.47) 
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the optimum noise interference PSD is simply given by 
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mo that 
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Therefore the performance of the receiver under signal and interference condi- 
tions described above, is given in terms of Pp and Py as 


140.666 SNR JSR 
Pp = PLTFSNR+0.666 SVRISR (4.53) 


Where SNR and JSR are defined in Equation 4.26 and Equation 4.27, respectively. 
These results will be analvzed in more detail and presented graphically as ROS’s 


mpchapter 5. 


B. PERFORMANCE OF RECEIVER II. 
The problem addressed here, has been mathematically described by the Equations 
4.1 to Equation 4.3. 

The optimum threshold test has been given in Chapter 2 by Equations 2.53 and 2.54 
and the performance of the receiver that implements this test is given by Equations 2.48 
and 2.56. The so-called SPLOT problem introduced in Chapter 2 yields a simpler sol- 
ution for the optimum receiver and its performance as given by Equations 2.55 and 2.56. 
Specific performance evaluations can be carried out for the SPLOT problem under the 
assumption that the signal envelope takes the mathematical form given by Equation 
By 2. 

Now, based on the tvpe of additive Gaussian noise PSD considered to be present 


under the two hypotheses, two cases are investigated below. 


4] 


1. Problem 1. 

The performance of the receiver shown in Figure 6 on page 20, and Figure 7 
on page 21, which has been designed for the signal and noise model of Equation 4.1, can 
be evaluated when the additive noise is different under the two hypothesis, namely 
ACGN under the H, hypothesis and AWGN under the Hy hypothesis. It is obvious 
that these receivers are no longer optimum for the now assumed signal and noise model. 

In this case, the complex envelopes of the received waveform under the two 


hypotheses can be mathematically described as 


H, : 7()=VJE, bf () tal O<1<T 


SS 4.54 
Hy : r(t)= w(t) ( 


where 6 isa complex Gaussian random variable, which models the target and whose 
moments are given by Equation 2.23 and Equation 2.24, f(t) is the complex envelope 
of the transmitted waveform, x(t) is a zero mean Gaussian random process defined in 
Equation 4.2. and w(c) is a zero mean white Gaussian process, independent of the col- 
ored noise 7,(t) . 

In order to evaluate the performance of the receiver shown in Figure 6 on page 
20, and Figure 7 on page 21, the probability density function of the signal at the receiver 
output conditioned on both hypotheses must be determined. 

The correlator output is a complex Gaussian random variable, which defined 
by Equations 4.4 through Equation 4.6. 

Obviously, since both (2) and w(t) are assumed to be zero mean processes, 


and recalling that pi is a zero mean Gaussian Fr.V., 
E{7/Hg} = E{r/H\} = 0 (4.55) 


and using the definitions introduced by Equations 4.8 and 4.9 the appropriate variances 


can be evaluated as 
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Since Fr, is a complex Gaussian r.y., the p.d.f’s of r, conditioned on the two 
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hypotheses can be written as 
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The procedure carried out in Equations 4.14 to Equation 4.19 can be utilized 


here to obtain alternative expressions to the above p.d.fi’s. This vields 
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Where the r.v. m is defined by Equation 4.17. Similar to the steps carried out by 
Eouations 4:20 to 4522) we obtain 
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Using Equation 4.56 and Equation 4.58, the exponent of Equation 4.65 can be 


written as 


ie . 7 
2 = No| lz(s)| dt 
On 0 
(EEE (4.66) 
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From Equation 4.65 and Equation 4.66, we observe that as IT increases Pp 





decreases for fixed P, so that the analysis of ROC’s can be equivalently replaced by 
analvzing the behavior of IT. 

Therefore the performance in terms of the parameter I of the receiver shown in 
ieureno on page 20 and Figure 7 on page 21, for the SPLOT problem and under the 


above stated hypotheses will be evaluated for four kinds of colored noise interference 
PSDs. 


a. Bandlimited Constant Amplitude PSD. 


In this case the jamming noise PSD is given in Equation 4.23. Then 


G__(jo) from Equation 2.55, becomes 
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Where o is a scalar, and changing variables, the integral in Equation 4.71 becomes 
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Since the problem being analyzed assumes a long observation time, use of 
the approximation 
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is made so that by Parseval’s Theorem, the integral in the numerator of Equation 4.66 
can be evaluated 
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As shown in Appendix B, the worst receiver performance occurs for 
a= 1, so that evaluating Equation 4.78 with « = 1 results in 
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b. Sinc Squared Shaped PSD. 


In this case the jamming noise PSD 1s given in Equation 4.28. As a result 
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and SNR and JSR are given in Equation 4.26 and Equation 4.27, respectively. 
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Using Parseval’s Theorem and the approximation of Equation 4.76 vields 
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and f is a scalar, SNR and JSR are defined in Equation 4.26 and Equation 4.27, re- 


spectively and 
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Using Parseval’s Theorem and the approximation of Equation 4.76 yields 
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dad. Triangular Shaped PSD. 


In this case the jamming noise PSD is given in Equation 4.34. Then 
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and via inverse Fourier Transformation, we obtain 
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From Equation 4.69, g(r) becomes 
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and SVR and JSR have been defined by Equations 4.26 and 4.27 respectively. 
Again, from the approximation of Equation 4.76 and using Parseval’s The- 


orem to evaluate the appropriate integral, we obtain 
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and n(.) is defined in Equation 4.74. 
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As shown in Appendix B, the worst receiver performance occurs fore =] 
and therefore Equation 4.104 becomes 
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SNR[1 + 0.636D3]° + [1 + 0.636D3] 


2. Problem 2. 


The problem which 1s mathematically described in Equation 4.1 and the corre- 
sponding performance of the receiver shown in Figure 6 on page 20 and Figure 7 on 


page 21, specified by Equation 2.48 and Equation 2.56, is now evaluated for four differ- 
ent kinds of colored noise PSD. 


a. Bandlimited Constant Amplitude PSD. 


Using the results in Equation 4.75, A becomes 
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Where SNR and JSR are defined in Equation 4.26 and Equation 4.27, respectively. 
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Appendix B is devoted to investigating how A behaves as a function of «. 
It is demonstrated there that when « =1 A is minimized. which results in the worst re- 


ceiver performance. Therefore evaluating A when « =1 results in 
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Furthermore, it can be proved that Pp is a non-increasing function of 
JSR. That is 
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and taking the first derivative we have 
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so that indeed Pp is a non-increasing function of JSR, which means that as JSR 
grows, Pp can at best remain constant, but is most likelv to decrease. This clearly 
shows that increasing the colored noise power transmitted by the noise makers, the 


performance of the receiver is degraded. 
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b. Sinc Squared Shaped PSD. 


Using the result in Equation 4.83, A can be evaluated as 


a. 
Sin (74) 
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where SNR and JSR have been defined in Equation 4.26 and Equation 4.27, respectively. 


The mathematical form of A and its dependence on JSR make it simple to prove that 
Py is a non-increasing function of JSR. 


Using Equation 4.108 and 4.111, and taking the first derivative we have 
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Since (Daeace eegame simiee ye 0 for 0 = P. = 1, itcan be seen that 
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and therefore Pp is a non-increasing function of JSR. This clearly shows that in- 


creasing the colored noise power transmitted by the noise makers, the performance of 
the receiver is degraded. 


c. Butterworth Shaped PSD. 


Using Equation 4.90, A can be evaluated as 
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In Appendix B the behavior of A as a function of f is investigated. It is 
shown therein that for 6B=1, A is minimized and therefore the receiver perfommeamee 
becomes worst. so that evaluation of Pp asa function of Pr is carried out for B=1. 


Furthermore, it is now proved that Pp is a non-increasing function of JSR. Taking 


the first derivative we have, 
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Therefore Pp, is a non-increasing function of JSR. This clearly shows that increasing 


the colored noise power transmitted bv the noise makers, the performance of the receiver 


is degraded. 


d. Triangular Shaped PSD. 


Using the result in Equation 4.99, A can be evaluated as 
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The behavior of A as a function of € 1s investigated in Appendix B. As be- 
fore, performance will be evaluated for ¢ = 1, which is shown to minimize A and there- 
fore yields the worst receiver performance. Furthermore, the next few steps prove that 


Py 1S a non-increasing function of JSR, by evaluating 
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so that Pp is a non-increasing function of JSR. This clearly shows that increasing the 
colored noise power transmitted by the noise makers, the performance of the receiver is 
degraded. 

These results will be analyzed in more detail and presented graphically as 
ROG saim Chapeet 3 
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VY. RESULTS 


A. TARGET MODEL A. 
1. Problem 1. 

Given that Pp as a function of Pr is given by Equation 3.36, the ROC’s for 
the suboptimum receiver can be obtained, using numerical methods. 

In Figure 8 on page 64, Figure 9 on page 65, Figure 10 on page 66, and 
Figure 11 on page 67, the ROC’s are presented for four different values of SNR, the 
Signal-to-Noise Ratio, namely 0dB, 5dB, 10 dB and 15 dB, respectively. In each figure, 
the ROC’s are plotted for three different values of JSR, the Jamming-to-Signal Ratio, 
namely 0, OdB and 10 dB. The first value of JSR, corresponds to the absence of noise 
interference for comparison purposes. 

Observe that for low to moderate values of SNR, anv amount of jamming noise 
power actually improves the performance of the receiver. As the Signal-to-Noise Ratio 
increases (Figure 10 on page 66), some amount of performance degradation is achieved, 
but again as JSR is increased, which corresponds to more target generated noise power 
at the input of the receiver, the performance is improved. The limited amount of per- 
formance degradation achieved is more evident for higher values of SNR (as demon- 
Smated by Ficure 10 on page 66), for which SNR takes a value of 15 dB. Therefore, 
there are cases where an optimum value of JSR exists that achieves the maximum pos- 
sible receiver performance degradation, for given values of SNR and Py. However, even 
in the case where is some performance degradation is achieved, the receiver still operates 
with a relatively high value of Pp with corresponding values of P; in the order of 
10-3 , which is still high for a radar receiver. 

Since the noise interference power that is needed in order to degrade the per- 
formance of the receiver is a function of both P; and SNR, and the target attempting 
to generate this noise interference has no prior knowledge of those values, it is apparent 


that this form of receiver performance degradation is not very effective or practical. 
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Figure 8.) Optimum White Receiver, 17, Colored Hy White SNR=0 dB. 
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Optimum White Receiver, /7, Colored 17, White SNR=5 dB. 
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Figure 10. Optimum White Receiver, /7, Colored H) White SNR= 10 dB. 
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Figure 11. Optimum White Receiver, 27, Colored 77 White SNR= 15 dB. 
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B. TARGET MODEL B. 
1. Receiver I. 
a. Problem 1, 

Given that Pp as a function of Py is given by Equation 4.30, the ROC’s 
for the suboptimum receiver can be evaluated using numerical methods. 

In Figure 12 on page 69, Figure 13 on page 70, Figure 14 on page 71, and 
Figure 15 on page 72, the ROC’s are presented for four different values of SINR 
Signal-to-Noise Ratio, namely 0 dB, 5 dB, 10 dB and 15 dB, respectively. In each figure, 
the performance is shown for three different values of JSR, the Jamming-to-Signal Ra- 
tio, namely 0, 0 dB and 10 dB. The first value of JSR, corresponds to the absence of 
noise interference for comparison purposes. 

Observe from the plots that the addition of colored Gaussian noise inter- 
ference always improves the performance of the receiver. Since the receiver 1s dgsigmeu 
to be optimuni in the presence of just white noise interference, this performance 1m- 
provement occurs because the colored noise becomes associated with the target reflected 
signal rather than the noise, and therefore the colored noise is seen by the receiver as a 


reinforcement of the reflected signal rather than as additive noise interference. 
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Optimum White Receiver, 17, Colored 7, White SNR=0 dB. 
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Figure 13. Optimum White Receiver, /7, Colored {74,7 White SNR=5 dB. 
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Figure 14. Optimum White Receiver, /7, Colored 17, White SNR= 10 dB. 
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b. Problem 2. 

Given that Pp, as a function of Pr is given by Equation 4.53, the ROC’s 
for the suboptimum receiver can be evaluated, using numerical methods. 

In Figure 16 on page 74, Figure 17 on page 75, Figure 18 on page 76, and 
Peure 19 on page 77, the ROC’s are presented for four different values of SNR, the 
Signal-to- Noise Ratio, namely 0 dB, 5 dB, 10 dB and 15 dB, respectively. In each figure, 
the performance is shown for three different values of JSR, the Jamming-to-Signal Ra- 
tio, namely 0, O dB and 10 dB. The first value of JSR, corresponds to the absence of 
noise interference for comparison purposes. 

Observe that, for every value of SNR considered, there is a significant 
amount of receiver performance degradation corresponding to the amount of noise in- 
terference present (as determined by the JSR value), and is quite large for high values 
of SNR (as shown in Figure 19 on page 77). 

This case considered, demonstrates significant receiver performance degra- 
dation which is achieved under the assumption that the ability to generate and transmit 
colored noise interference continuously (under both hypotheses), when the target 1s 


within the radar detection range, 1s indeed valid. 
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Figure 16. Optimum White Receiver, /7, Colored H) Colored SNR=0 dB. 
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Figure 17. Optimum White Receiver, /7, Colored 17) Colored SNR=5 dB 
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Figure 18. Optimum White Receiver, /7, Colored H) Colored SNR 
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Figure 19. Optimum White Receiver, 7/7, Colored H) Colored SNR= 15 dB. 
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2. Receiver II. 
a. Problem 1. 

Given that Pp asa function of Pr is given by Equation 4.87, the ROC’s 
for the suboptimum receiver can be evaluated, using numerical methods. 

In Figure 20 on page 79, Figure 21 on page 80, Figure 22 on pageél;ama 
Figure 23 on page 82, the ROC’s are presented for four different values of Si] 
Signal-to-Noise Ratio, namely 0 dB, 5 dB, 10 dB and 15 dB, respectively. In each figure, 
the performance is shown for three different values of JSR, the Jammuing-to-Signal Ra- 
tio, namely 0, 0 dB and 10 dB. The first value of JSR, corresponds to the absence of 
noise interference for comparison purposes. 

In Figure 20 on page 79, which corresponds to an SNR value of 0 dB, there 
is a Clear performance improvement for any amount of noise interference power present. 
A somewhat similar occurence is visible in Figure 21 on page 80, which has been plotted 
with an SNR value of 5 dB. For JSR= 10 dB there is a slight performance degradation, 
however for JSR=0 dB, there is an actual receiver performance improvement. This 
means that there is a unique value of JSR, which for a specific value of SNR, vields the 
largest receiver performance improvement. Clearly, the noise generating target must not 
only avoid producing such a JSR value at the receiver, but it must attempt to cause the 
largest performance degradation. 

In Figure 22 on page 81, and Figure 23 on page 82, which correspond to 
SNR values of 10 and 15 dB, respectively, there is a significant amount of receiver per- 
formance degradation in relation to the amount of noise interference power present. 


This performance degradation increases with increasing SNR values as the figures show. 
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b. Problem 2. 

Given that Pp as a function of Pr is given by Equation 4.108 and 
Equation 4.111, the ROC’s for the suboptimum receiver can be evaluated, using nu- 
merical methods. 

In Figure 24 on page 84, Figure 25 on page 85, Figure 26 on page 86, and 
fee 27 ON page 8/7, the ROC’s are presented for four different values of SNR, the 
Signal-to-Noise Ratio, namely 0 dB, 5 dB, 10 dB and 15 dB, respectively. In each figure, 
the performance is shown for three different values of JSR, the Jamming-to-Signal Ra- 
tio, namely 0, 0 dB and 10 dB. The first value of JSR, corresponds to the absence of 
noise interference for comparison purposes. 

Observe that, for every value of SNR considered there is a significant 
amount of receiver performance degradation corresponding to the amount of noise in- 
terference present (as determined by the JSR value). 

This case considered, demonstrates significant receiver performance degra- 
dation which is achieved under the assumption that the ability to generate and transmit 
colored noise interference continuously (under both hypotheses), when the target 1s 


Within the radar detection range, is indeed valid. 
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Figure 24. Optimum Colored Receiver, 7, Colored Hy Colored SNR=0 dB. 
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Figure 27. 
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VI. CONCLUSIONS 


The problem of masking a radar signal return by selecting the power spectral density 
(PSD) of an externally generated power constrained noise interference has been consid- 
ered under two sets of assumptions. In the first one, the radar receiver is assumed to 
have no prior knowledge of the actual noise present, and thus it has been designed to 
be optimum when additive white Gaussian noise (AWGN) is the only source of inter- 
ference. In the second one the radar recciver is assumed to have prior knowledge of the 
noise present, so that it has been designed to be optimum in the presence of the actual 
noise, which will be assumed to be additive colored Gaussian noise (ACGN) that con- 
tains an AWGN component. In both these cases, the external noise interference is as- 
sumed to be generated and transmitted by either the target itself or by noise making 
devices present in the area being penetrated by the target. 

Using first a simple target model, that is assumed to onlv introduce a random phase 
to the transmitted sinusoid upon reflection whenever the target generates and transnuts 
the notse interference while illuminated by a radar, a modest amount of receiver per- 
formance degradation was shown to be achievable. Such performance degradation was 
demonstrated to depend .on the specific values of JSR and ?;. and to yield only a 
moderate decrease in the receiver's probability detection, Pp. Taking into account the 
fact that any performance degradation elTects depend on parameters over which the 
target has no control, one must conclude that target generated interference is not an ef- 
fective method for masking the radar signal return. 

Using the second target model which takes into account the reflectivity of the target 
so that the radar signal return is modeled as a Gaussian random process, the perform- 
ance degradation results depend on the type of receiver that is being analyzed. 

If the radar receiver used is designed to be optimum in the presence of only AWGN 
interference, then any noise interference transmitted by the target (when it realizes that 
it has been illuminated by a radar) is added to the reflected signal and consequently helps 
the receiver to identify the target’s presence. 

On the other hand, if noise making devices used to generate and transmit ACGN, 
the results clearly show a receiver performance degradation that is proportional to the 


amount of noise interference present. 
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If the radar receiver used is designed to be optimum in the presence of ACGN that 
contains an AWGN component, (this would imply that the receiver has prior knowledge 
of the kind of noise being generated either by the target or the noise making devices). 
the use of noise making devices to generate and transmit noise interference causes a 
significant receiver performance degradation. The same receiver undergoes limited per- 
formance degradation when the noise interference is transmitted by the target itself. At 
low values of Signal-to-Noise Ratio, the receiver performance is actually improved. 
Since the receiver performance degradation is a function of SNR, a parameter over 
which the target has no control, it appears that again, target generated interference is 
not an effective way of masking the radar signal return. 

From the cases investigated, it is clear that the choice of PSD shape associated with 
the colored noise interference generated, strongly depends on the type of signal trans- 
mitted by the radar. Furthermore. such ACGN interference is best generated bv friendly 
noise making devices present in the area that the target penetrates. This appears to be 
the onlv effective method of significantly degrading the radar receiver performance, thus 


allowing a target to penetrate an area with low probability for being detected. 
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APPENDIX A. EVALUATION OF on, FOR FOUR PSD CASES. 


Equation 3.13, defines o% , which is repeated here for convenience 
¢ 


o? = == | Sp {w) | F.(w) Pdw (A. 1) 


—OO 


where Sy(@) is the PSD of the colored noise (1), and | F.(w) |? is defined in Equation 
3,24. 

The quantity oe can be evaluated under a total power constraint on #(1) for four 
different PSD shapes of Sp (@) » 


A. BANDLIMITED CONSTANT AMPLITUDE PSD. 
The PSD of the bandlimited white noise is mathematically described as 
Ress 
‘ (1.2) 
Sy {@) a 1 


0 otherwise 





C Pe sei | = 


Assuming that the power of ,(f) is P, , then ¢ must satisfy 


| [eet FP | fect“ 
+ | - cdw + | sy = Py (A.3) 
— We ae “Tt = — 
therefore 
r 
C= a Py. (1.4) 
and 
IE an 
eae [abo | r 
Sy (w) = (4.5) 
0 otherwise 
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As a result of this, we obtain 


OO 
a= == | Sy,(@) | Feo) |Pdeo 
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a 27 (A.6) 
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B. SINC SQUARED SHAPED PSD. 


The PSD 1n this case can be mathematically described as 


sin*[(w + ,) =) sin’[(w — w,) 7) 
ae) = Cee 7 —co < w < co (4.8) 
[(@ +) > (a —@) >) 





of sinfoto)+]  sin'{(o-o)+} 
= | | — al ae Jao= 2, (A.9) 
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= — - (A.10) 
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Assuming that @,/ 1s sufficiently large so that 


sin*[(@ — @,) +I sin*[(w sp i). Sy 
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and since 
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and changing variables 
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C. BUTTERWORTH SHAPED PSD. 
The Butterworth shaped PSD can be mathematically described as 


SO) — COs = Co 
Ht oe (i) a 0), | a” +(w—o,) 


and under a similar power constraint, c can be evaluated as 


ee 


(4.11) 


(4.13) 


(4.14) 


(4.15) 
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(4.16) 


(4.17) 


(4.18) 


(4.19) 


(4.20) 


D. TRIANGULAR SHAPED PSD. 


In this case the PSD is mathematically described as 
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(A.21) 


APPENDIX B. BEHAVIOR OF A AS A FUNCTION OF NOISE 
BANDWIDTHS. 


In this Appendix the behavior of A as a function of the interference noise bandwidth 
for various tvpes of noise PSD shapes is investigated. 


A. BANDLIMITED CONSTANT AMPLITUDE PSD. 
It is shown in Chapter 4, Equation 4.106 that 


A= SNR - 


Dee “ne? 
JISR(SNR T. 
(SNR) | sint(ax) 7 


2a + JSRSNR (nx) 


In Figure 28 on page 96 and Figure 29 on page 97, A has been plotted as a function 
of « for JSR=0 dB and JSR=10 dB respectively. SNR values of 0 dB, 10 dB and 15 
dB have been chosen in each plot. 

From the pictures it is clear that the smaller A , which vields the worst receiver 
memOnmance, corresponds to «=1. 
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B. BUTTERWORTH SHAPED PSD. 
It is shown in Chapter 4, Equation 4.115, that 


sin?(xx) 
Pe (nx)? 
A= SNR |) ——————— x (B.2) 
_.o 1+ SNRISR => 
pr +x 


In Figure 30 on page 99 and Figure 31 on page 100, A has been plotted as a func- 
tion of 8 for JSR=0 dB and JSR=10 dB respectively. SNR values of 0 dB, 10 dB and 
1> dB have been chosen im cach plot: 

From the pictures it is clear that the smaller A , which yields the worst receiver 
performance, corresponds to f=1. 

The overshooting in Figure 31 on page 100 resulting in slightly negative values for 
A is due to limitations in the computer plotting package used, rather than due to erro- 
neous numerical results. 
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C. TRIANGULAR SHAPED PSD. 
It is shown in Chapter 4, Equation 4.99, that 


_{ [ SNRISR(=-1) sin 2x) 
A = SNR + 2SNR i, = = eC ae ee (8.3) 
; DRE my ie oie (1 = ) (mx) 

In Figure 32 on page 102 and Figure 33 on page 103, A has been plotted as a 
function of e for JSR=0 dB and JSR= 10 dB respectively. SNR values of 0 dB, 10 dB 
and 15 dB have been chosen in each plot. 

From the pictures it is clear that the smaller A , which yields the worst receiver 


performance, corresponds to c= 1. 
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Figure 32. 
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Triangular Shaped PSD, JSR= 10 dB 


Figure 33. 


103 


LIST OF REFERENCES 


Van Trees, H.L. Detection, Estimation, and Modulauon Theory, Part IIT, John 
Wiley & Sons, Inc., 1968. 


Bukofzer, D.C., Solutions to the Radar Signal Return Masking Problem, paper pre- 
sented at the Radar-87 Conference, London, England, 19-21 October 87. 


Van Trees, H.L. Detection, Estimation,and Modulation Theory, Part T, John Wiley 
& Sons, Inc., 1968. 


Whalen, A.D., Detection of Signals in Noise, Academic Press, Inc., 1971. 


104 


BIBLIOGRAPHY 


Cooper, G.R., McGillem, C.D., Probabilistic Methods of Signals and System Anal- 
ysis, Holt, Rinehart and Winston, 1986. 


Papoulis, A., Probability, Random Variables and Stochastic Process, McGraw-Hill, 
Inc., 1984. 


Peebles, P.Z. Jr., Probability, Random Variables and Random Signal Principles, 
McGraw-Hill, Inc., 1987. 


105 


to 


Loe 


INITIAL DISTRIBUTION LIST 


Defense Technical Information Center 
Cameron Station 
Alexandria, VA 22304-6145 


Library, Code 0142 
Naval Postgraduate School 
Monterey, CA 89294523007 


Chairman, Code 62 

Electrical and Computer Engineering Department 
Naval Postgraduate School 

Monterey, CA 93943-5000 


Professor Daniel Bukofzer, Code 62Bh 

Electrical and Computer Engineering Department 
Naval Postgraduate School 

Monterey, CA 93943-5000 


Professor Ralph Hippenstiel, Code 62Hi1 
Electrical and Computer Engineering Department 
Naval Postgraduate School 

Monterey, CA 93943-5000 


Mavropoulos Panagiotis 
Ag. Nectariou 30 

14122 N.fraklio 
GREG 


Army General Staff 
BIDE SIE 

STG 1020 

Athens, GREECE 


Electronics and Communicications School 
STHAD 

STG 1020 

Athens, GREECE 


106 


. Copies 


tl 











: 
: 









Se een, Sey e Mea ed Fds CrP reheat 2s be = , ee a © —- 
Nh 26 28808 hee ah tht. f Ure © ee \ ‘ a re ea 
Ci beer ete; aaa ys Pte Foe IE ee “a vaetes 1 ae att ¢ els 





eatatochee O asaan Fe 4u0, Reps auaie sorkipennnay 4 vf « 
‘ 0 a oaks has O84 24. E14 OF MAVEN RSP Ft i 4 ¥ 3A ® . J rau 4 : 
be OF CaM O28 Fy 10 M8 phe ALAM. ELON LI 0 cM 18 60 4, gh IN OM RE as entiok Dips SSP et r?) " ares en i ence? : DUDL EY KNO 


pe Atm rAd 6G Bok erns dFa8 834.0084, OM AO HEG bike Of OurviMases O60 YP Fehte pipet he Ghee: 
ig nacannde eta ar eeeoceeee =|! Hania 
| } eth 
| | | | | | | 
LE et BY HIE | 


Tice ee PO My ev rsp? Me ree ake ay te ern ie ene Ler CHE A MA wed CHO IFIEN 
= J 
| 
| 


iH 
3 2768 0 





































ON edt ee OY eee ons rare Pe Ua) ty 984" fa 4 AM FON Oe = 8 hw f nT 
© AERGEG ARTE BT PPE BM OAR. War 6.08859 MT 4 Ki hee Behe staa is venaher? ah eu aps 

gonubeedeahoa Of ' Pry Me Tee mY ee a | 

RD brn l 24 cH MUNYD) Had dK NG CHORD ae + apd lpm et ed ante t 







aS ee of oe 





omer ew 


Lg 
iA Oe ee en ae ea Tiir 
Hf vr ie i ‘ sO aP 41-6 0N feet Fay 


SHEN 6s Aeboe 8 ok OR IRA OPETERL TS of, 


ERS 0B ye 





+ ae 
(atts A AM e ERe Oh #06 60M Lie Pricnints't 








1 
SOE PARLE DE OF 0 CODE LANL LE 0510.4 v6 ita Dtthad if oflig BAYOU BALE © ohh pabet thal dbus phe 8 panptd eleacatoad el Sa 





BR 
iH! 
| 

| 


i 


| 
| 
| 





MD od td 201 O78 Le MAORI OER: Beit moss 168 het Rebs Fh Meats O84 boats +4 O68 Ki hcatydoer 0 Oo FF vo ea ? 
POD aN al AP. 0.00 Su a a ee ee Toe ee Om Ce ee ed ee od nideey Ger boty wi Ob ae eet 
af nt mr eeP ot hawrs Amro; Oo aa 8 OREATGAS MOAR OF BACm wed BAAR HN we hy tee 1 elt Ort et 8 ett gah OE Fob F ofea CF 
4.0 cesgat AO Madre 4 aay 8 198 OF » spams @ avhaa ws, ' fia At Od G oy ) ‘ 
SVU LE MLOR™ BaPT ee Ria kita SU vig tat eh Pech ob it of = 
DerAH. OOF GRRE @ bt CLAM OR Poh HO £19 ea Oot ph Pe 
8 06 of. fat, oee Aatiot oh OMe 6 Oe Ther «ok Ee 
3 outed ond.0' 4 oacel ot a8 28 ts edeh ft 48 
161% OrhAE OLD AREAL 161 Bef BE. ANE 6 G9 TEP oe oe Be bL AF Holos QHD ATS rot oP Fos BAbee-s Fab ol F 6 Lah Gea 8 or of 26 
TIREITAU ek pede tore MUP P ot RAT at een a a eee en Per PP a O meta Hy bprek noms a 
Ue A ee ‘oe, OR CP 4,80 ot oh HERE. He RASH O RE OOF ERA OY we oboe tA DESDI OLLIE toe L Kote oat 0 tf ealice f- Brest 
PS AAT OE AOD OLA ALF BHD RESO Oe ABBE SF od Hig ehh l AH Hee og tiem) 1h EEE Br od pt pee per rey © Pe o¢P Fam Won.f hit Ait oRO Of vs f 
A BA Gb ANC 080 beh 0.0 Pi Oat AS ah at Nd Ve Be Hof CONC CO SEE MRF Po CSAWIDEEH DEAR ie | 28 GHB e te A EA OR NGO yw aed ae ; e 
AA O0 GN 1B Meh OEP Ri ARKO TRE 0 Fah seer gE OOF TK CaP RF ete OEE AROE ted A HE SR coin mitge eres a ,s ee gee CHA OM Mat ee oot ' 
685 FF CEA HN at (s100 BK. of) 19.004 OP eh AO) BAe, B bf FP Ve aot ae Eel Kober Ot sh Cit Bod Gundam 6.0 ert ape tig 1 ont 
6 oP iE BART ADH ROL FED SF APORIT Dd RA he GeO AVEC e yh Fike Fi9e Th eo a reo bye © Pen) Gut ose Fs 6 hoe we 

<a eA ATER. Guhianns DrArnen 0 A istgre FON OKO A a. nad of Ait’) "ht ath PER ree 
nO A Pe ah HOOF ROME LE GAS 48 wal ett 4 Ty 
FO) OP PIE i ere te a toil tet ed 

og af 25 AEB!) PPB OH 9 90 01 ob Pre ty 
hides eaeret.o Pr ee i eee ee a ae 
PANE hy et ee ed el oe Pe q 
Peri oe) eee ee Td he ee oe ee 

-) Te ee ee 
eo tiese her a 
‘ ee wee 








| 


4 
if 
1 






























OF | 
oh 4° pd oe © wg st ate ft 
of 









































aoserh ssty ! 
















6. ome 7 a - -! 
(Fut e 2 MM Leta? wb "ig! oer 4 a a 
ADS aa Fea lA totes tat Of 218 & 00s ry ‘ 
eu abel Serpbed in pralap ee Hee RO ope O48 
tof i e2ur-s e 













ee 
ERPH A A 606 OF Ooh ot Oh Raeopsoomrrer 
PCO ASO Ten ha saebg Aeroritve fos oe puarausarctes eee ht 
to 0d # fy Mya ees 
; Wieat erg 
af O, Ved BE ot of 















Eta & Hah Cad Gut gO Bodgpghsd cer Faded AL Wee f bane 
np Pan Agee ae aiegusessivenens aa 4, bsetate 
Tene Colgate ittot of doer) § 1 oof 
Ca V aff eet guth ty 6 
on ares otf @ofil I $: ot 8 ‘ e 
anche gh a fo 8 wee Per cre ee er 
renee vaike ot & ry ALO yoo ’ Pore i er ee ee ’ 
Ol Dee MA yeir a ie fotag ft | f ee ot ' , 
Geet Mla gl ogek ote t ; et anh tee aren f Yee! a eva ever 
Tr rs POM orb 6 ott Wee ra eyhoe oem 4 fat : 
3 Pheeot as antssist ayes) 6 eet ee eth oh Oat oa ah @ tb uatey 8 ’ e 
Fah, CoP wee! » Fo tre 8 Oh A BE a8 HOM 6 hed wi 1949S oe woteinort age REGS A168) Ore Fobog wees aed 2 ert Fan ne reese fe ' F-00 # 
1Or 08 sR: OH ORMRE OTE om At Fh wt pat hid BeBe 2a eye ted EE A: Poh Ate o ot.y aa eet tor gw bo teh a ote reese € * 
te Tl a eee 2 2 PTT dl ee at AT od ee | OPES ale 8 ohs aes on rae 
reertirr gy «0m Po ee Pera CLFLOOM CimeOnt ays Date Metre emo oh MME 4 a F de f4e ‘ 
HE DG: FiO Ta at OP of where Hib ver at tet Spee FO ee Be FOL Le 4h Se Oe pt To 
Bow ct Mire tsitetd O18 oe tet PO beth sb we Ee ott oa Pera ae = Ser eee - 
erite OF rot FLAP orf moran aGahe weet Beet S18 peer wee tant F eat os teh eg ye o4aee 
Pied CAM a 0007 4 we ee uf 8 Fpue sete oe oes ‘ 
ae “99D 0 Huw ats ay) COB * mer ene so 
tad po AF ohe 38 ve 
AVOefoa wo tw me Aer ET Get tue 























DH Poh oe oO SE gbod ORO UF. 
orm endas -O numagg nee ns ee D ° 
yn ed he emid er nes # 6s db tret of oO thon we « 
Py Ae ot OER OLN II 8 ig 608 OOF 8 Obi bed O ADEE wt mime He 
ghotit Chore ere dial iSO k oinb Be Brey Aart! aK Sao webs 








eres haw, 
irr te ee 









































CHB oO rt Kt eto « oh Pei a@ob a 
PR AWEDL ON LOL He 18 DATONG. Co0EH Boot oT 
AWAIT OO of On att ae Mah wo Pom Oadteg Gnd 
20 w FOL P2 Mss Cf Hob oahetet OO Devo OTF ERS Ot Pale OF 2 6 Vim REC A AEN o 
BT AiO Ver ae 00 Ot GO 6m ok i Ab Ie OPO ce 6 A A Ott MP Om PREM © Bot beO CULE tO. OSE ee Tek tet Heh eR Neem Tate # 
RE ad dd Pe ee ee ee ee ee) ere al) of Fine AO tt Fo Obed Cat oat shet atten 
Od of 04 oh Le 6 oh OOdrE He oer F Chest n A moe teak oar A gtele ban ito 0 gar 4 tovef a a Fewest att wm ae eee t fg Ott ' ‘ a 
Siete et a Pitwras CeO Far Pam HA iemria de ef itat OA pte Ss @ so Vert aGiled oor t met saws vem , 
pb ew 6. eh RaO hatm ar Fite ims «Fm Aveoet Orr Potato fy Prt Pie it ee ee Te] ? 
ot ate hee é eet. seres 
DA ot ePaag Ai ee 
to fhews - COP PrP OM OG ed 0, YATE see W foe aneree 0 
Prt or PO ee ee re a fee teh anel tree ® oO 
Ne ee eT ee ee ee ee en ee ee) Ae oh ate Cty tor eee 
4 FOF mer AION Oh 206 80S cme Onde Per ditt pli dg: Owlah SL OF Atebed ? hao P mert 2 eth dot WAYS 
ate ee tr PAP Do Oe: BMOUS set Lene the ree wanre Ae perm SF eee 
Poe yse Fp erehhetat eM beom moO ST bap oh 6 stoeedeei Fel oF be Orb g Get OO Fe i af of 9 eget FE dee ot thon ta 1 OF ah ae sue 
Ce oe er a te ad Some et ce A et a) ee Or ty. Pe eo 2 Py yt 
apatet atid te ea hd * HO, 00 tulad heme ote eo eitee © gue 4 
i On ar ortee e F ath fee Foe tin Ont « Ae etl 
tg ‘ FP Be eshte 


















































nod 































4b cetaw eat att 
1S et © 0.0 oe & esate © totale 
Oo B10 Pers 041 Ob Biss Wig fit 18 eGo Bed OF w Ooh Herre SNE ose isd gw Fab em tbe 
Pe PL Te Le ee ee eT ee et ee ot eee es <a 
ae doo ug: ot 6 bal? it de om Me EP FGh ot state Step ea eea Beals tod pt peesal Getta? okt S20 aeryn a. 
19 2.8 sf Sela ere PI TY Pee A ee od a ee 
fre = sm AW at okerd hada BP PE CCEA, OR et” anrts Fe hee to OP eae t 8 te ahi iO Pe ae ee ee ie 
FA eane PEP Oe att 2. OP ote WF ay wet tne " ant ttstet eh arth et O68 as o 6 © vet's fue e 
yar ere Pee) Got ie | Foe Got 6 ue ore @ ten Oate eer mo ryt 
Ag Pyinat SOF. dneya et aeatig Heh eb dia t Seg mee gut oF 88 PP 
oer agyeue Dtbet ner. detre # me 48% re 8 ae wall pices sidee oo? 
OT he health le id , tat 6 os AU ot tetra atheewe oct 
a eer * 1 eer mom oer re we 1f Mee bee ee oO te ‘ 
© AAO at 16 erent ord 0 «en +0 worte ote 16 wr of. 
- 


ate wet Sie bbs Feeder # eh C104 8 os & ont Hoe Oo ynbas es ” 
' ' 























‘ 











































Fe i haata owed eam tet de 
Cat A ef anh oe entet fig bho 





rf 


6 FA oP PRA pee 1b Pod aed One rt ors ! oO we ee Mae te oo wet ere oe 4 pte € OE 6 tee 


es 


nee Idd OEE ser gst Ft ot wm ptee? Hirt otter ee eer ere er Adee ’ at ‘ 
haere obehe wm ot FM or 2gt 2 of 24 Ff onopa" ‘ Fieggos oat . “1¢ 
tote oe ody ‘ “eo wwe? on ge eth # aa 
s i a Vat stat ee e ot ce 
= ete es el i 
: L Omnegt Aa OeO draw 6 4 ! Fe 
San wha dn Widnes | aed or Sohot vt Pe et) edie Te Oh tena oe 
Reig, Rah rcens are dye Se Bids ih wt 3 a-038 2 ast e hie st toler iese 
etd oy bbe F POP hee EP ert : * e 
Pg whet el O.Rattidr aig TA celta hs 0 6r ee 2 
We tia gst RM idadedon 2 phrybic®, £.Fyk Fad Og nr al. Cpe taHew eee 6 gp pehew wah 6 8 OP 
Pot P An Hib met Gate aPrerd ts 1.4.90 © Pe Pe co ee 7 La mt enPep ts OO 1 49 gt # Ow 8 os sea ° 
fet out ert A 4G roe sayacdae ORs aensniy Ces ehire Meher Al © Oe* Plo & o H.b weit Pye j o ot ee ee ee 
riate 6 ote Ve Gener Bef oe ov ree e gue ") ee ' 
Pet ee ed Ce ° seo ws ot gt Loe ote ¢ tet oor as o4# noe 
' or oe “eo Fabeot . 






ef eh Fae 2 ek he 
ab oe\P 0d wa TAH ae ar 
at tad whee Boda &)h) 
‘ Pf ed «a 
iO it bene « 





















: 













ral @“ © Os, 















o eee ee 














ou ate * 4 ' . » 4 ‘ 


° 
x ° o ft ” owe 
: 
' 


wag ames? ve 
Magu at Mateh™ Fe 
Bio It Bum « ora tidy Oa) ¢ 
ee Parte Salat nya, bes . 
3.Pop "a0 O10 nm Pee agg eben «6 b 
oF ob et PS heed 6 afi OM AB? Yo, ‘ +o ee Me 
pen ‘eomise A EE: “3 @ we" oer % epdea' oe ap © Uae 
fe at BP ett te a” P ey tat dal ety} "La 
os eetens, 0 2a 44 ‘ sesh e 6 Vaalnane. 
of FES or eee 7s -o re 
o & 























27 ¢ %e 3 Ore Par ser oe 
oF ms 2 BP FL 8. 
ne > 


ee | ee ed . 






vo 






ce Sree FO wt ° 

ety en NL poate usar i= ’ 
te i ee ° 4 Ft \, i. a 
oy ay eee hE. Asie } fete melee Deke ace et Pe 
i Ie se ° 2 th ~- ee LT 2) - 05% ’ - & 
eRe sh phe S OR $ tes fy SG a ee i 
ws ty « Be y><=F Xr # ~ . 





miemha nm, of Fon 
. . he fe %e =s ae Se ese 
S, BES Tas ht EEN AS RAY SEK 
ere e A oe Nim ede aeie me Ne 
PTT Red FR 9G BS spe ond 
Se tel a at AS See YU fella ye ao, 
ery soe, HK eo ue 
tape Me FE Te RR Be Bete g |, 
WOrReet ©) whet pneiesy exe 
2 Ne femne® Cem OR o Seley Qin 
~ See yity CAME Ae 8d, Bo | 
PWS AAR ee ORT & TA MHNIe « as 
Sete a Qee eh yeh B Me woke 2 Sf - & e 1. a "fe 
gre ee a we aie ew mses Seton emcee 6 ot A ty ah a ‘ OF gt fr 
Atte ok ee ee ee St ro Te ee ee) emeom MN AS 
LO Perete bo eB MRO LEY One gle ale ade 2% unis .e 2 8 . 
SEVER ante ree Orb y 8 8bs Gee te Bee erhe ute. “ @ws 8 
NI Heese hm Sty ON es am. o% yor or dt ° ae *« CTS bas or 
Wane aren! setts 6S fey eden en ie eee ce wee we om et 1 Re of +e 
oF ew eg ee! 2 tag Ue emey) Saw nn arwtam Yo nm, » he oe or 
eh WHS Gee HAHs of ee ee ee 
ag Sy Ay eg Se O8G ee SH Ori wet Fe ° fem e n ‘ > . ° 
bE RI GF eo = te meen | Go seaphre Th AON es Oe » a 2 ORM Pee a 8 
) Scan e ote q: ww aS Lee te Ue au Se i a be 8 Ce @. “~ 
‘on tartyy a Sive te YS ee we erty ae Bee Fe sete Oy, eee aye ‘hy emute “mae 
aterigey wi at & 6 arwces@rq intently 1s wee Byrne tin 6, wad a Rew ase Me 2 4 
resety gee SY amreeq em Sh NW cas 2G tm 4 Ry 8 Vek ef OV" omy * 
rte Oy a born 80% Yt oe Comma ty Mee Teh eeky mF Seg qeu 4 of & “Y. 4 ose . 
Se he es i he ok eel he tt Bk ee a a Py ‘. | nv ¢ 
Od PRB NON MD FETE & SRL are ORE “HS Cw. FR SS OH Ye Oe tr Sa ime Pe, s srw a 
Stay ey GEN tee ESTP Ey GE Re Bienes bee Ms fw ~a%% y Wewh 
ee ee tn he ee res be eas ete 
bs Sha pie ietel te TS % OMe be Se Ole Bre ets SOM ye Ce 
BPA Se Ne ote re Agee Mf) 6 OO mee Qeur Lars My as 
A ATE cet AA 9 TO Ce ee RAM Be wwe pre te 4 wes BM 
PE ET OTN EM © Fn ey ty ETI s hee ont Eq entin Be wh *qne aterete 8 8 ye ote RY Urey 
et i te Be ee i oo. ak Se da he tes Tt eed ee De a Oe Ae tn 
RTT @ Syoeae "ED Pr eg te eel Pe ee amare, OFF hg done , ¢ 
Were WS E lery WG Wstsatgye tome mt i Oe © BeeWey carne FD oe, av . é wy 1s 2? 
v9 ar a areca t rk Be Pe yes eS omelet COREL & e@ wars oSgee tt vo & 1 
Sy ek ee es eee w SON BW OG hE Uwe 8% deb SdeHTVMne 4 & 
9°R) mPe WEE ee Be Bey IAs CUTE ORES Cem ee 6 gp WE Ht ee av 
SOR Ohy ae Ur a BE a Pe. iva gy! SH en eBimilefitrRrtorve ye 6y 
ie we VEE Ee ey SAT Tite S Ps 495 Oly Notes OR WEy Bimey 8 Bis Che Oe tie, re 
09 SO Oy erty 2a He QO en WOU ma W 6 etig'es Wey 14% o14t «8 
TES Wg iw Wee 81a 3 EVE ete ORR} 4 Ty an i oe ee 
MEME yy NEE ROR Ce YE oy a eierg ty Mary ee COME yO + aterh 
e CORE OTE Ey | 6 Ow 8h ORE Hah y ceri emg iyemlgiick SUH OF TRG SE 
tS eo 1 Ui eet where + carer ane My ate Tie tlie hl eek hl ee oe | Nhe ve i, a@pereots) «6 bree a 
Lite hehe bet eh) A ee ee oe a a Py er Me Cr | hs ek i eer) 
Wee Cw 4 aim ae Base!” qh OO Ohare Lee meet ey SO VAD 8 Tk ew EE ¥ ¥ Seo = 
PAG ONE 10 ManND ea em so CU tae | ah 8 B¥e Wedel grees! | wr kia OPER EtETeeU Ro Ue wITE YE Chee ate 4 te 8,5 ‘ « 5 
WO SC Agee WOE Oe ee Oreeu @ ule Oe SHY OA 8 GLE fa ay aera atace® Ones kot ees ¢ ah xen ode 
Bk he oe el eth tee eh le teow ,u u= auvt 
SOF UF SB +e OAM "EOP e fy 
Sa De oe & thordasen 
Ae rey ee Ol i MOO WTR EO 8 LPs Toke ge 
TES ene 9 Oy ODS ae ONO Bret ere (GO wR we HPL Hp 8 Tey 
woh wln ey “at ge DRE Mew TN) we BOs Se TE LAA Gangs afe.e av "et 9D YO ' 
LETS ge we Ore FE UE Wek mek thy ony: ee ee ee oe ee eB ee 
CP ARES WY ts TECK hy YEW Cees gc 2 Ye Hen mete gee Ft etary oo eM Pha 
WEEN Foe @ ter gt wy Mme BF mer hem ee Oh FID wres “q Gets wh © whey 
‘wept et ee ee ee roa ¢ 2 oe onew Oa t rosa ¢ . é “* ‘ = ° a A] ba t 
SIRT O° MOUs! YW resets OG Owe pie ata omens. e thrawey sy e Bb be 8 ee A om Wren 
GORE! NY Steed WUE EERE EY Ve Brey PE ON Ce ary soerarg: 4 A Oo ON TP Fels ee 
EE S80 Mtge EE AS OT OPE Ee AY 2 EI 18 Oe Payeaney fot Bag! Pern eterna Neaewheve ea 
D9 a WERE ome PY 8 rE Aa Doe We ahs wo © now ta tAmne eset etl 6 ahs errs « Wee ery o~AD 4 “~~ 
MORE S0e Bias he OWENS Oy Qe UIST wt oom @ ERS BTM CG aw a ee le Gee oteteye ' ee Ti | ‘ 5 
ee REET AT Was OT! SE Om UNE Ce OeLES aR ete fete erw NS 8, Bente wee dow MH oa es ve ' ‘ 
ag tar ea tg Oh COTE 8d OQ OUD Eh AEE: CONE WOM Hoy ae te hit ow oe ee tog spew OG to 1% ‘ % Ld ’ 
ie? 010 Oa S tere ETE ONY MS eRe os yee OTE RY QUE 6 Roce eure UN DEM OF MrEEY Me ye BAG EN TOE os 1s 88 ott 
O° Ferre ata ATS WG shew E YY ote Bem VE8 * Wren stss yee et Pe it os giv ot oy 8 wt ‘ Le ‘ 
“ws PP aS 1g SEU re OE Ue ote yn ePwq rt y 3 i Lh hl ke a a i, es 9 ‘ Es t aye hail he foie 
er Oe hoa ei tt Les te fe ae or a er enh owe week ee 8 we .# ' : ‘ 2! $ 
A led ett lh et hot han kek ie ater ore Am bern Or Ain teey hy ee ee | eo vi € a ea s ot 
¥ 


a 

ro 
ook 

av 


= 
“Beg 


? 
or re 


dmc 8 










ve F-0 
~ At Bwe on 
> » ae Oe i i a 
rw) 
~~ oS 






































= 
a 























































THe om ty eee 8 8e 
Z p ae wu Og ute WhO 
“ar etadane 

aw mMyvere col 1808 






















































Sw sou 6 Uae oary Oh aes ef O NSA Ee owed aneG 2 Bru ae eG oe | 
bali Aen lh-W die 0, Md A SA Dk Lehisd Inde Mk ee cachd PRC hk fhe Rie ale A ah Gh ia A | 
SO pe nghah AA cand ere haha th eek il ied Wetan erase sender WA Eig see ee = e'heer~& ah sew dg 6 8 6 
ipl bala ltertlldh elt, Mell Nie tit Neit Die hehe Shbh 1, he kee pete te Ed! Re bk tee Se x heen cok CCL ; ; 
"Kia hiie £u the eed fy te Ae afarver ue 4 \'e%a7e vl HO e ete e a ee * 1] ee is > ee | oo 4 ‘ ‘ § 
MOLT VTE EDI yy 8 PU ET TER OU bre Shy QR WH vw res ert WV Te Ophea ? ee lll ia AG Bike day ' Le i . 
2 RPP SE GA OM 64 TS OT Oke oR OR woe! Owed set we othe « UA ee ved O% @ Umer ia te tbe uw ‘ bos v ry ‘ 

Sih deg hee kth Roe Ae tee ee eh he ee ee eee an ee ee cer brite res 97 po 
PG OMEN Ee CINE EY OEE UF RSCC TT g sul. we ee! 8D Go eR ee Bi" ge rae leew my ss ' : ’ ‘ oo eet 
Awe 8 BRET Og ee Wee a Oe i> rete MED ea wow! eels UN Ce we A VOW ChE, Ngee hee Sires 4 ¥ ot 6 ’ ” 1% ’ 4 
PG WP gee OU Ve EY EUs geuigieciee | oe wri tr tie eae ae a ee we. ‘ fs 4 ' ‘ ‘ee 

Dh traction late A ROT a Lod pirtefees 49M 4 WE UT Oh Me dU elas ected ee Fee ° oat te pee A ie pees 
ps SREY HU POON OO NUL SOP YE GEM Ls eC My eed TUE KO De te KG Pn OE rt +t. * * 

EY 8 VISE VRE Py FU Faw URW wR BKaw se re << vow wee vive eH thre NS LD ' 
SAPS HD SO Ga "6 WS tUsert MAUR UAHA we graye a Ge EE RRM SPR MN SH SS PTH te eee Nee w FY ¢ Ce] 
COE Ye Hee SUPE EY WEY EL yuh YU Hit 8 ESIC YS We EE oe HH OE Ty aan 
Aacleptepisdy Yo aiteiedd Peeled ROG RRA KM oe kM Rao DT Wk Sa 9 4 
Piss ¥ er bhoryyh ala WEI. LG ete eure ae ore KS OD Woy seer teme bigeg aie we esgic | Om ’ 
rch paella dtl, Ba tis Udita hod dy Meese Sel, LA dh rot tk ch tY tk, ae ed a he ea ek cee es Wate ters OT * 
DD FE ie FTP AEG era he Holy ay Seb! OME el tasters cee CRE A TY Bey Per D te Pe as ‘ ' e 2. 
SEM 1A RP Oe wd! LONER Ce Eat 0° werk i th oe Moe ae a Cra ye ee i, ee (eeGentve t 6 Py nr) (epee ; 
ee eee ee ee Oe ey ae oe ad anew & ase sit@ a y' Oe V¥O@ 4g erepel oe ig Oo ee ‘ “ e oe t ‘ 
eh aake tl aie Ste ke re Oe ie eae er be br ee Pert eA Oe ei a a i ee ery ' «er ° ob, ; & 
SO Ue a SE WS SIP EE CW YIN wR UV ee gy eek Um yretts VOLS ow saw qgeere aw £9 vw? 8 Hoe ‘ eat es | P ‘ 
oe TS Oe BHO k eh OE eT EWS er 8 ere rg ere. tt eae bee rere VAN Ta v4 + 6 ot 6 Ot oe eh e “oN aol 4 4 
We UTE OG YY Bt y Te won elia e 4 yr Tum yw venery le eure ts srrred SAY TE eh Cette FF " ‘ ; : ' 
Mie ee a Fe WO as Hee EW yy Do Ment HCV N ATE UEH gE TETY ERA 6 EV Eve @ ieee ? vo owen 4 +> ae¢Ouene ® & .¢ 4 iy 
2S CEG & EMME Y els ey ROSY Owe wee Sra teciniierdrars rte nem) Pa GF Le Oe Re ee i ist ona ' em at u) a4 
BAER Yk Ok YAW e ne ooh PRE Brera F194 OR eee ote aE eS RP ow GPE Qh ’e | mek CR We | Fae . my A " ~ 74 $ £ on et, 
ebay ta reSQe wey Tousen bye 9°8 wey raaiery® Org mete WEEN EM were UE & When hye rr ‘ aa f « wis re? eS ae 4 +4 
bearer Oe Be Se Ur NR aE! OE AP ERO og Gow MELO e POEMS Yar ervercteer SP OL Fw iH - , en 
wt Soe Swe. We eS He UF PE bp: why OST be ha Ap see's gee 8 KT 
Ue Mtoe Breen se OER P Ae 78 Tk eo @ hacieePy-urd’ Vee Poy iy eh a x ae GUA 
pa SPAETH RPYUV OVW We® "ete Ura are: eweeeet 4&8 Dg @y 
ONO. & UE" OEE Ie A one eres eres §. werivr &erTS OF & aw G5 S21” at wet 


PE" Owe oe BR rary e's b. Werivre 




























































































iewv 
% pebe 





AR 
| 
HY 
itl 
tH 






Y 
Ht 


i 
| | 
| 

2254 3 


a. 6 gat os i s 


